The neutrino emissivity from two and three flavour quark matter is numerically calculated and compared with Iwamoto's formula. We find that the calculated emissivity is smaller than Iwamoto's result by orders of magnitude when p f (u)+p f (e)−p f (d(s)) is comparable with the temperature. We attribute it to the severe restriction imposed by momentum conservation on the phase space integral. We obtain an alternate formula for the neutrino emissivity which is valid when the quarks and electrons are degenerate and p f (u) + p f (e) − p f (d(s)) is large compared to the temperature.
It has been conjectured that dense stars may consist of quark matter or quark matter core with neutron matter outside [1] [2] [3] [4] [5] . Although theoretical understanding of the properties of quark matter is not yet available, various quark models have been used to calculate the equation of state of the quark matter and determine the properties of quark stars [6] [7] [8] [9] . Unfortunately, it is found that the properties of quark stars, such as surface gravitational redshift z,moment of inertia I, maximum mass M, radius R and pulsar periods P, are not significantly different compared to those of neutron stars. Therefore it is difficult to distinguish one from the other observationally.
On the other hand Iwamoto [10, 11] has proposed that neutrino emissivity ( ǫ ) could play a significant role in distinguishing between quark and neutron stars because it differs by orders of magnitude for the two. Particularly ǫ for quark stars is larger by 6-7 orders of magnitude than neutron stars which could lead to faster cooling rate for quark stars, thus reducing their surface temperature. There are, however, a number of other mechanisms [12, 13] and modified URCA processes [14] proposed to increase ǫ for neutron matter.
Iwamoto [10] has derived the formula for ǫ using apparently reasonable approximations and this formula has been widely used [8, [15] [16] [17] to calculate ǫ for two and three flavour quark matter. According to his formula ǫ is proportional to baryon density ( n B ) , strong coupling constant ( α c ) and sixth power of temperature (T) for d quark decay. For s quark decay T dependence of ǫ is same as that for d decay. Furthermore his results imply that electron and quark masses have negligible effect on ǫ and s quark decay ( in case of three flavour quark matter ) plays a rather insignificant role.
In the present paper we want to report an exact numerical calculation of ǫ and a comparison of our results with the Iwamoto formula. Our results show that the Iwamoto formula overestimates ǫ by orders of magnitude when p f (u) + p f (e) − p f (d(s)) is comparable with the temperature. For reasonable values of α c and baryon densities, this quantity is much larger than the expected temperatures of neutron stars (∼ few 10ths of MeV) for two flavour quark matter, but is comparable with temperature for three flavour quark matter.
The neutrinos are emitted from the quark matter through reactions
The equilibrium constitution of the quark matter is determined by its baryon density (n B ), charge neutrality conditions and weak interactions given in Eq.(1). Thus, for two flavour quark matter,
and for three flavour quark matter
The number density of species i is n i = g.p 3 f (i)/(6π 2 ) with the degeneracy factor g i being two for electron and six for quarks. For electrons µ e = p 2 f (e) + m 2 e and for quarks we use [18] 
where x ≡ p f (q)/m q and η ≡ √ 1 + x 2 , m q being the quark mass. For massless quarks Eq (4) reduces to
The neutrino emissivity ǫ for reactions involving d(s) quarks is calculated by using the reactions in Eq. (1) . In terms of the reaction rates of these equations, we get,
where p i = (E i , p i ) are the four momenta of the particles, n(
are the Fermi distribution functions and
where G is weak coupling constant and θ c is Cabibbo angle. For degenerate particles, (βp f (i) ≫ 1), Iwamoto has evaluated the integrals in Eq.(5) using certain reasonable approximations and obtained the simple expressions for ǫ d and ǫ s as given below [11] .
The approximations involved in obtaining these formulas are 1. neglect of neutrino momentum in momentum conservation, 2. replacing the matrix elements by some angle averaged value, and 3. decoupling momentum and angle integrals.
The expressions for neutrino emissivity as obtained by Iwamoto have been used widely. The temperature dependence of emissivity as obtained by Iwamoto has a physical explanation.
Each degenerate fermion gives one power of T from the phase space integral (
Thus one gets T 3 from quarks and electrons. Phase space integral for the
Energy conserving δ−function gives one T −1 which is cancelled by one E ν ∝ T factor coming from matrix element. So finally one gets ǫ ∝ T 6 .
This argument, however, ignores the fact that ∆p
which is related to the angle between p d , p u and p e could be small and comparable to T.
We shall demonstrate below that precisely in this region that the Iwamoto formula fails. Corresponding fermi momenta of quarks and electrons are given in Table 1 . It is to be noted that all the momenta are much larger than the temperature. Fig.2 shows the ǫ d for 3-flavour quark matter. It shows that ǫ dI is 2 -3 orders of magnitude higher compared to our results. Here ,contrary to the two flavour case, the difference becomes more pronounced at higher densities. Fig.3 shows the variation of ǫ s with temperature. Here again it is clear that ǫ s is quite different from ǫ sI but this difference is less compared to that between ǫ d and ǫ dI . For all the cases the difference between our results and those using Iwamoto formula increases at higher temperatures. The fermi momenta of quarks and electron for 3-flavour case are given in Our results have profound implications on neutrino emissivity and quark star cooling rates because all the earlier calculations have used the Iwamoto formula and predicted large quark star cooling rates in comparison with the neutron star cooling rates for temperatures less than 1 MeV. Our results show that, particularly for 3-flavour quark matter, the calculated emissivity is at least two orders of magnitude smaller than the one given by Iwamoto formula and therefore, the three-flavour quark star cooling rates are that much smaller. Hence it is necessary to understand why Iwamoto formula fails.
To investigate the failure of the Iwamoto formula, we consider the integral
Here, we have replaced the neutrino emission rate by unity and therefore I is essentially the phase space integral. Following the reasoning of Iwamoto, this integral should be proportional to T 5 . Choosing the coordinate axes such that p d is along z-axis and p u is in x-z plane and using the 3-momentum δ−function to perform electron and u-quark angle integrations, we
u dp u p 2 e dp e d
where x ν = cos θ ν and x u = cos θ u is determined by solving
The integral in eq (11) above is restricted to the momenta |p i − p f (i)| few times T due to Fermi distribution functions and the energy δ−function. Now, if we neglect the neutrino momentum in the δ−functions, we get, 
would get a power of T from the denominator and I will not be proportional to T 5 .
2. Secondly, the momenta may differ from the corresponding Fermi momenta by few times T in the integral. When ∆p d ∼ T , there are regions in p d p u p e −space where x u > 1 and the rest of the integrand is not small. Clearly, these regions must be excluded from the integration as these values of x u are unphysical. If one does not put this restriction, as is done when one factorises angle and momentum integrals, the phase space integral will be overestimated (and wrong) when ∆p d ∼ T .
The above discussion clearly shows why the integral in eq (11) should not be proportional to T 5 when ∆p d ∼ T . In order to demonstrate this point, we have calculated the integral in eq(11) numerically and compared with the approximation where the neutrino momenta are neglected and the restriction imposed by x u condition is not imposed. The calculation is done for α c = 0.1 and for two-flavour case. The results are shown in Fig(4) . In this figure we also show the result for a case where the electron mass is taken to be 25 MeV. This is of course unphysical, but by adjusting the electron mass we can reduce ∆p d . The figure clearly shows that the approximate value of I is proportional to T 5 where as the exact integral is smaller than the approximate one at large T. Further more, for 25 MeV electron mass, the departure from T 5 sets in at smaller value of the temperature. This clearly shows that the departure is dependent on the value of ∆p d . Here we would like to mention that for some values of α c and m s , p f (e) is small and is of the order of T. This implies that electrons are no longer degenerate and deviation from the Iwamoto result is most pronounced.
In eq (11) we have dropped the matrix element of the weak interaction in the emissivity calculation (eq (6)). So, the discussion of preceeding paragraphs apply to the emissivity calculation as well. Therefore it is now clear why the Iwamoto formula fails when ∆p d (or ∆p s in case of weak interactions involving strange quarks) is close to the temperature of the quark matter. We would like to note that the failure of T 6 dependence of the emissivity essentially arises from invalid approximations in the phase space integration. Since similar arguments are used to obtain the neutrino emissivity of neutron matter, it is possible that the emissivity calculated for neutron matter may also be overestimated. We are investigating this point. 
